Abstract. In this paper, we introduce and study upper and lower slightly /3-continuous multifunctions as a generalization of upper (lower) semicontinuous, upper (lower) a-continuous, upper (lower) precontinuous, upper (lower) quasi-continuous, upper (lower) 7-continuous, upper (lower) /^-continuous multifunctions and slightly /^-continuous functions. Some characterizations and several properties concerning upper (lower) slightly /3-continuous multifunctions are obtained. Furthermore, the relationships between upper (lower) slightly /3-continuous multifunctions and other related multifunctions are also discussed.
Introduction
Continuity of functions and various types of stronger and weaker forms of continuity of functions are the basic topics in the general topology. In the several branches of mathematics, many authors have researched various stronger and weaker forms of the continuity of functions. A great number of papers dealing with such functions have appeared, and many of them have been extended to the setting of multifunctions. Most of them in ordinary topology have been studied in the setting of multifunctions such as a-continuity [13] , precontinuity [24] , quasi-continuity [23] , /3-continuity [26, 27] and 7-continuity [3] .
The aim of the present paper is to define upper (lower) slightly ¡3-continuous multifunctions which are generalize upper (lower) semicontinuous, upper (lower) a-continuous, upper (lower) precontinuous, upper (lower) quasi-continuous, upper (lower) 7-continuous, upper (lower) /3-continuous multifunctions and slightly /3-continuous functions. Also we obtain several characterizations of upper (lower) slightly /3-continuous multifunctions and basic properties of such multifunctions. Moreover, the relationships between upper (lower) slightly /3-continuous multifunctions and other related multifunctions are investigated.
Preliminaries
In this paper, spaces (X,T) and (Y, v) (or simply X and Y) always mean topological spaces on which no seperation axioms are assumed unless explicitly stated. For a subset A of (X, r), cl(A) and int(A) represent the closure of A with respect to r and the interior of A with respect to r, respectively.
A subset A is said to be a-open [14] (resp. semi-open [10] , preopen [12] , /3-open [1] or semi-preopen [4] , b-open [5] or 7-open [9] or sp-open [8] 
) if A C int(cl(int(A))) (resp. A C cl(int(A)), A C int(cl(A)), A C cl(int(cl(A))), A C cl(int(A)) Uint(cl(A))). The family of all a-open (resp. semi-open, preopen, /3-open, 7-open, clopen) sets of X containing a point x € X is denoted by aO{X,x) (resp. SO(X,x), PO(X,x), ¡30(X,x), 70(X,x), CO(X,x)). The family of all a-open (resp. /3-open, clopen) sets of X is denoted by aO(X) (resp. 0O(X), CO(X)).
The complement of a /3-open set is said to be /3-closed [12] . By a multifunction F : X ^ Y, we mean a point-to-set correspondence from X into Y, and always assume that F(x) / 0 for all x G X. For a multifunction F : X -> V, following [6, 7] we shall denote the upper and lower inverse of a set B of Y by F + (B) and F~(B), respectively, that is, F+(B) = {x e X : F{x) c B} and F~(B) = {x e X : F(x) n B # 0}. In particular, F~(y) = {x € X : y € F(x)} for each point y €Y. For each Ac X, F{A) = UxeA F(x). Then F is said to be a surjection if F(X) = Y, or equivalently if for each y EY there exists an x e X such that y € F(x).
Moreover, F : X -> Y is called upper semi continuous (resp. lower semi
For a multifunction F : X -> Y, the graph multifunction Gp : X -> X x Y is defined as follows Gp(x) = {x} x F(x) for every x € X and the subset {{x} x F(x) : x G X} C X x Y is called the multigraph of F and is denoted by G(F). DEFINITION 1. A multifunction F : X -> Y is said to be:
1. Upper .almost continuous [22, 24, 29] or upper precontinuous [24] (resp. upper quasi-continuous [24] , upper a-continuous [13] , upper /3-continuous [26, 27] , upper 7-continuous [3] 
2. Lower almost continuous [22, 24, 29] or lower precontinuous [24] (resp. lower quasi-continuous [24] , lower «-continuous [13] , lower /3-continuous [26, 27] , lower 7-continuous [3] ) at x E X if for each open set V of Y such that F{x) fl V 96 0, there exists U E PO(X,x) (resp. U E SO(X,x), U E aO(X, x), U E (30(X, x), U E 70(X, ®)) such that F(u) n V ^ 0 for every UEU.
3. Upper (lower) almost continuous or upper (lower) precontinuous (resp. upper (lower) quasi-continuous, upper (lower) a-continuous, upper (lower) /3-continuous, upper (lower) 7-continuous) if it has this property at each point of X. DEFINITION 
A function / : (X,t)
(Y,cr) is said to be slightly (3-continuous [18] if for each point x 6 X and each clopen set V containing 2. Lower slightly /3-continuous at x E X if for each clopen set V of Y such that F(x) fl V ^ 0, there exists U E (30(X) containing x such that F(u) fl V ^ 0 for every uEU.
Slightly /3-continuous multifunctions
3. Upper (lower) slightly /3-continuous if it has this property at each point of X. The other implication are not reversible as shown in [3, 20] . The following theorem state some characterizations of upper slightly /3-continuous multifunctions. 
Proof. It can be obtained similarly as Theorem 7.
•
COROLLARY 9 (Noiri [18]). For a function f : (X,t) -> (F, A), the following are equivalent: (1) / is slightly (3-continuous; (2) e (30(X) for each clopen set V in Y;
is ( 
Some properties
We know that a net (xa) in a topological space (X, r) is called eventually in the set U C X if there exists an index ao € J such that xa G U for all a > aQ. DEFINITION 10 . A sequence (xn) is said to be ^-converge to a point x if for every /3-open set V containing x, there exists an index no such that for n > no, xn € V.
THEOREM 11. Let F : X -+Y be a multifunction. If F is upper (resp. lower) slightly (3-continuous, then for each x € X and for each net (xa) which (3-converges to x in X and for each clopen set V C Y such that x 6 F + (V) (resp. x 6 F~(V)), the net (xa) is eventually in F + (V) (resp. F~(V)).
Proof. Let (xa) be a net which /^-converges to x in X and let V C Y be any clopen set such that x € F + (V). Since F is upper slightly /3-continuous multifunction, it follows that there exists an
Since (xa) /3-converges to x, it follows that there exists an index c*o G J such that x a € U for all a > ao. Prom here, we obtain that
The proof of the lower continuity is similar.
• THEOREM 12. Let F : X Y be a multifunction from a topological space (X, T) to a topological space (Y, v) 
and let F(X) be endowed with subspace topology. If F is upper slightly ¡3-continuous multifunction then F : X -> F(X) is upper slightly /3-continuous multifunction.
Proof. Since F is upper slightly /3-continuous, 
THEOREM 13. Let (X,T), (V, (Z,U>) be topological spaces and let F : X -• Y and G : Y -> Z be multifunctions. If F : X -> Y is upper (lower) /3-continuous multifunction and G :Y -> Z is upper (lower) semicontinuous multifunction, then GOF : X -> Z is an upper (lower) slightly (3-continuous multifunction.
Proof. Let V C Z be any clopen set. From the definition oi GoF, we have
-open set. This shows that G o F is a upper (lower) slightly /3-continuous multifunction.
• REMARK 14. It should be noted that every restriction of a upper (lower) slightly /3-continuous multifunction is not necessarily upper (lower) slightly /3-continuous. EXAMPLE 15. Let X = {a, b, c, dj and let a and r be topologies on X given by A = {0, X, {a, 6}} and T = {0, X, {a}, {b, c, d}}. Define the multifunction
is not lower slightly /3-continuous. EXAMPLE 16 . Let X = {a, b, c, d} and let a and r be topologies on X given by a = {0, X, {a, b}} and r = {0, X, {a}, {b, c, d}}. Define the multifunction From here we obtain that x € G H U € (30(U) (from Lemma 2.5 in [1] ) and GC\U C F~ \u (F). Thus, we show that the restriction multifunction F \u is a lower slightly /3-continuous.
The proof of the upper slightly /^-continuity of F \u is similar to the above.
• This shows that F is lower slightly /3-continuous.
COROLLARY 22 (Noiri [18]). A function f : X -*Y is slightly (3-continuous if the graph function g : X -• X x Y, defined by g{x) = (x,/(x)) for each x £ X, is slightly (3-continuous.

THEOREM 23. Suppose that (X,T) and (X A ,T A ) are topological spaces where a £ J. Let F : X -• YLAEJ-^A be a multifunction from X to the product space EUJ X q and let P a : fJ Q GJ X A -> X A be the projection multifunction for each a £ J which is defined by P a {(xa)) -{ x a}-If F is upper (lower) slightly (3-continuous multifunction, then P a o F is upper (lower) slightly (3-continuous multifunction for each a £ J.
Proof. Take any ao E J. Let V ao be a clopen set in (X ao ,T ao ).
Then (P ao oF)+(V ao ) = F+(P+(V ao )) = F+(V ao x (respectively, (P ao oF)~(V ao ) = F-(P~0(V ao ))
= F~(V QO x n Q/Q0 X a )). Since F is upper (lower) slightly /3-continuous multifunction and since V AO DEFINITION 32. A space X is said to be mildly compact if every clopen cover of X has a finite subcover [30] . DEFINITION 33. A space X is said to be ultra Hausdorff [30] if for each pair of distinct points x and y in X, there exist disjoint clopen sets U and V in X such that x G U and y G V.
THEOREM 34. If a multifunction F : X -> Y is upper slightly f3-continuous multifunction such that F(x) is mildly compact relative to Y for each x G X andY is ultra Hausdorff space, then the multigraph G(F) of F is /3-co-closed in X x Y.
Proof. (x,y) $ G(F). That is y <£ F(x).
Since Y is ultra Hausdorff, for each z G F(x), there exist disjoint clopen sets V(z) and U(2) of Y such that z eU(z) and y € V{y). Then {U(z) : z G i^x)} is clopen cover of F(x) and since F(x) is mildly compact, there exists a finite number of points, say, Z2, 23,..., z n in F(x) such that 
This shows that Y is mildly compact.
• Recall that a multifunction F : X -• Y is said to be punctually connected if, for each x G X, F(x) is connected. 1. Upper weakly /3-continuous [17, 28] (resp. upper almost /3-continuous [17, 28] 
2. Lower weakly /3-continuous [17, 28] (resp. lower almost /3-continuous [17, 28] ) at x e X if for each open set V of Y such that F(x) fl V ± 0, there exists U e f30(X,x) such that F{u)ncl(V) ± 0 (resp. F(u)nint(cl(V)) ± 0) for every u EU. Recall that a space is O-dimensional if its topology has a base consisting of clopen sets. Since V x C V, it follows that F(x) fl V / 0 for every u e U. Therefore, F is lower /3-continuous.
